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TWO TRIGONOMETRICAL PROBLEMS IN A TRIANGLE
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Problem 1. The angles of a triangle o and B, a <90°, B <90° satisfy the equation:
1 1
5+5c0s2(oc—[3): sin2a.+ sin 2P — cos(o. —B).
Determine the type of this triangle.
Solution: Since the expression is symmetric to o and B let’s assume that o > 3. Transform

the equation in the following way:
1+ cos? (o —B) = 4sin(ow+ B)cos(o. — B)— 2 cos(o.—B);
[1+cos(B—B)J = 4sin(o+B)cos(o—P).
As 0<a—B<90° and 0 <a+P <180°, follows cos(oc —B) >0 and sin(oc +[3) > 0. Then we get
1+ cos(o.—PB) = 24/ sin(a +B)/cos(o.—B) ;

1 =2 /sinla+PB).
m+\/ws(a—ﬁ) —2\/ ( B)
1

As ﬂ+./cos(a—ﬁ) >2 and 24/sin(o+B) <2, follows that sin(o.+B)=1 and
cos(o—

cos(a - B) =1.Weget aa=f and o+ =90°, i.e. the triangle is isosceles and rectangular.

Problem 2. The angles o, 3, v of a triangle satisfy the inequality:

\/gcosy +3sinocosPB—4sin® o> 4cos’ o+ cosasinf.
Find the angles of the triangle.

Solution: As y =180" — ((x + B), we transform the inequality as follows
—+/3 COS(OL + [3)+ sinocosPB+cosasinf} > 4(Sin2 o+ cos’ oc)— 2sino.cos B+ 2 cos osiP
— /3 cos(ou+B)+ sin(o+B) > 4 — 2 sin(o— )

— gcos(a + B)—i— %Sin(a + [3) >2- Sl'l’l(Ot - B)

cos150° cos(ou+ B)+ sin150° sin(ow+B) > 2 — sin(a. — B)
003[1500 —(a+ B)] > 2 —sin(o.—B)
As cos[lSO —(o+ B)]< 1 follows that 1> 2 —sin(o.—B), i.e. sin(o—B)>1. We get that
sin(—B)=1 and then cos[lSOO (o + B)] 1. For the angles we get o.—B =90 and a.+p =150°.
From the last equalities follows that oo =120°, B =y =30°.



